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A WEIGHTED RELATIVE ISOPERIMETRIC INEQUALITY
IN CONVEX CONES
EMANUEL INDREI
Abstract. A weighted relative isoperimetric inequality in convex cones is
obtained via the Monge-Ampere equation.
Suppose C ⊂ Rn is an open, convex cone (n ≥ 2). If |E| < ∞ is a set of
finite perimeter with reduced boundary FE, K = B1 ∩ C, then
n|E|
n−1
n |K|
1
n ≤ Hn−1(FE ∩ C)
where equality holds if and only if E = mod translations (if the cone contains
lines) sK for s > 0. If |E| = |K|, the inequality states
n|E| ≤ Hn−1(FE ∩ C)
and this via scaling is equivalent; a sharp stability result for this inequality
was proved in Figalli-Indrei [FI13]: the simple version states that if C contains
no line
|E∆K| .
(Hn−1(FE ∩ C)
n|E|
− 1
) 1
2
(E∆K is the symmetric difference). In the theorem below, a weighted version
of the relative isoperimetric inequality in convex cones is shown where the
weight depends only on the gravitational force, i.e. h = h(xn). The proof is
based on the Monge-Ampere equation [Caf96, Caf92, Urb97, TW08]
detD2φ = f.
Theorem 0.1. If C ⊂ Rn+ is an open convex cone, E ⊂ C is a set of finite
perimeter with |E| = |K|, h(x) = h(xn) ≥ 0, h
′ ≥ 0, then∫
E
nh(xn)dx ≤
∫
FE∩C
h(xn)dH
n−1;
moreover, if C ( Rn+, h(xn) > 0 for xn > 0, & equality holds, then E = K (up
to sets of measure zero); and if E = K, then∫
K
nh(xn)dx+
∫
K
xnh
′dx =
∫
∂K∩C
h(xn)dH
n−1.
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Proof. Let dµ+ = χEdx, dµ
− = χKdy and T#µ
+ = dµ− denote the optimal
map (i.e. T = ∇φ, φ convex) then for a.e. x ∈ E
detDT (x) = 1.
Thus, ∫
E
nh(xn)dx =
∫
E
n
(
detDT
) 1
nh(xn)dx
≤
∫
E
(divT)h(xn)dx =
∫
E
divThdx−
∫
E
Tnh
′(xn)dx
≤
∫
E
divThdx
≤
∫
E(1)
divThdx+ (DivTh)s(E
(1))
= DivTh(E(1))
=
∫
FE
trE(Th)(x) · νE(x)dH
n−1
≤
∫
FE∩C
h(xn)dH
n−1
(E(1) is the set of density 1, (DivTh)
s
is the singular part of the measure
DivTh, and trE is the trace, see [FI13]). Let
(1)
∫
E
nh(xn)dx =
∫
FE∩C
h(xn)dH
n−1;
in particular, there is a.e. equality in the arithmetic-geometric mean inequality
and T (x) = x+ x0 for x0 ∈ R
n. This implies that E is connected and since∫
E
Tnh
′(xn)dx = 0,
h′ = 0 a.e. on E; therefore h is constant on E and (1) implies x0 = 0. If
E = K, then since T (x) = x the result follows. 
Remark 0.2. In the case when C contains a line, equality holds up to trans-
lations along the line (a general convex cone splits: C = Ck × R
n−k, where
Ck ⊂ R
k is a convex cone containing no line [FI13]).
Remark 0.3. Weighted relative isoperimetric inequalities were studied in
[CROS16].
Remark 0.4. Note that the same proof works if h = h(x) ≥ 0 and
inf
a∈K
∇h · a ≥ 0.
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A version without the gravitational constraint can be shown in two ways: if
E ⊂ C is a set of finite perimeter, h(x) ≥ 0,
∫
E
hdx = |K|, then∫
E
nh
1
ndx ≤
∫
FE∩C
dHn−1.
Moreover, if ∫
E
nh
1
ndx =
∫
FE∩C
dHn−1
then aE = K.
Let dµ+ = hχEdx, dµ
− = χKdy. If T#µ
+ = dµ− denotes the optimal
transport, then for a.e. x ∈ E
detDT (x) = h.
Thus, ∫
E
nh
1
ndx =
∫
E
n
(
detDT
) 1
ndx
≤
∫
E(1)
divTdx+ (DivTh)s(E
(1))
= DivT(E(1))
=
∫
FE
trE(T )(x) · νE(x)dH
n−1
≤
∫
FE∩C
dHn−1
The inequality can also be obtained via Jensen and the relative isoperimetric
inequality in convex cones:∫
E
nh
1
ndx ≤ n|E|
(∫
E
(h/|E|)dx
) 1
n
= n|K|
1
n |E|
n−1
n .
Next, if ∫
E
nh
1
ndx =
∫
FE∩C
dHn−1,
∫
E
n
(
detDT
) 1
ndx =
∫
E
divTdx;
thus h is constant and T (x) = ax for a > 0.
Remark 0.5. A proof of the classical isoperimetric inequality using a trans-
port map was obtained by Knothe/Gromov (see [FI13]) and via Monge-Ampere
& the maximum principle by Trudinger [Tru93].
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Remark 0.6. In the case of non-convex cones sufficiently close to convex
cones, minimizers of the relative isoperimetric inequality have been investi-
gated in [BF17].
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